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❙✐♥❝❡ ❝❛❧❧s t♦ H ❛r❡ q✉✐t❡ ❡①♣❡♥s✐✈❡✱ t❤✐s ✐♥❢❡r❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ❜② r❡♣❧❛❝✐♥❣ H ✇✐t❤ ❛ ❦r✐❣✐♥❣
❡♠✉❧❛t♦r ✐♥t❡r♣♦❧❛t✐♥❣ H ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ❞❡s✐❣♥ ♦❢ ❡①♣❡r✐♠❡♥ts✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐♥✈♦❧✈❡s s❡✈❡r❛❧
❡rr♦rs ♦❢ ❞✐✛❡r❡♥t ♥❛t✉r❡ ❛♥❞✱ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣❛② ❡✛♦rt t♦ ♠❡❛s✉r❡ ❛♥❞ r❡❞✉❝❡ t❤❡ ♣♦ss✐❜❧❡
✐♠♣❛❝t ♦❢ t❤♦s❡ ❡rr♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞ ❉❆❈ ❝r✐t❡r✐♦♥ t♦ ❛ss❡ss ✐♥ t❤❡
s❛♠❡ ❡①❡r❝✐s❡ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡s✐❣♥ ❛♥❞ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s✳ ❆❢t❡r ❞❡s❝r✐❜✐♥❣
❤♦✇ ❝♦♠♣✉t✐♥❣ t❤✐s ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❡♠✉❧❛t♦r ❛t ❤❛♥❞✱ ✐ts ❜❡❤❛✈✐♦r ✐s ✐❧❧✉str❛t❡❞ ♦♥ ♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✳
❑❡②✲✇♦r❞s✿ ■♥✈❡rs❡ ♣r♦❜❧❡♠s✱ ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s✱ ❑r✐❣✐♥❣✱ ❉❡s✐❣♥ ♦❢ ❊①♣❡r✐♠❡♥ts✱ ❆ss❡ss♠❡♥t
❊rr♦r✳
❊✲♠❛✐❧ ❛❞❞r❡ss❡s✿ s❤✉❛✐✳❢✉❅❡❞❢✳❢r✱❣✐❧❧❡s✳❝❡❧❡✉①❅♠❛t❤✳✉✲♣s✉❞✳❢r✱♥✐❝♦❧❛s✳❜♦✉sq✉❡t❅❡❞❢✳❢r✱♠❛t❤✐❡✉✳❝♦✉♣❧❡t❅❡❞❢✳❢r
∗ ❯♥✐✈❡rs✐t② ♦❢ P❛r✐s✲❙✉❞ ✶✶✱ ▼❛t❤❡♠❛t✐❝s ❉❡♣t✳✱ ❇❛t✳ ✹✷✺✱ ✾✶✹✵✺ ❖rs❛② ✭❋r❛♥❝❡✮
† ❊❉❋ ❘✫❉✱ ■♥❞✉str✐❛❧ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t ❉❡♣t✳✱ ✻ q✉❛✐ ❲❛t✐❡r✱ ✼✽✹✵✶ ❈❤❛t♦✉ ✭❋r❛♥❝❡✮




❘és✉♠é ✿ ▲❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❝♦♥s✐❞éré ❡st ❞✬❡st✐♠❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡
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❝♦ût❡✉s❡ H✳ ▲❡ ❝❛❞r❡ ❜❛②és✐❡♥ ♥♦✉s ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❝♦♥♥❛✐ss❛♥❝❡s ♣ré❛❧❛❜❧❡s
❞✬❡①♣❡rts s✉rt♦✉t ❛✈❡❝ ♣❡✉ ❞❡ ❞♦♥♥é❡s ❞✐s♣♦♥✐❜❧❡s✳ ❯♥ é❝❤❛♥t✐❧❧♦♥♥❡✉r ❞❡ ●✐❜❜s ❝♦♠❜✐♥é ❛✈❡❝
❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❡st ✉t✐❧✐sé ♣♦✉r ❛♣♣r♦❝❤❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❛ ♣♦st❡r✐♦r✐ ❞❡ X✳
▲❛ ❢♦♥❝t✐♦♥ ❝♦ût❡✉s❡ H ❡st r❡♠♣❧❛❝é❡ ♣❛r ✉♥ é♠✉❧❛t❡✉r ❞❡ ❦r✐❣❡❛❣❡ ✭♠ét❛✲♠♦❞è❧❡✮ Ĥ ❜❛sé s✉r
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s✐❞❡s t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ❝❤❛❧❧❡♥❣❡s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦♠♣❧❡① ❛♥❞ ❤✐❣❤ ❈P❯✲t✐♠❡
❞❡♠❛♥❞✐♥❣ ♣❤②s✐❝❛❧ ♠♦❞❡❧s✱ ♦♥❡ ♦❢ t❤❡ ❦❡② ✐ss✉❡s r❡❣❛r❞s t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡s ♦❢ ✉♥✲
❝❡rt❛✐♥t✐❡s✳ ❆ ❦❡② ❞✐✣❝✉❧t② ✐s ❧✐♥❦❡❞ t♦ t❤❡ ❤✐❣❤❧②✲❧✐♠✐t❡❞ s❛♠♣❧✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❞✐r❡❝t❧② ❛✈❛✐❧❛❜❧❡
♦♥ ✉♥❝❡rt❛✐♥ ✐♥♣✉t ✈❛r✐❛❜❧❡s✳ ■t ❝❛♥ ❜❡ ❤✐❣❤❧② ❜❡♥❡✜❝✐❛❧ (a) t♦ ✐♥t❡❣r❛t❡ ❡①♣❡rt ❥✉❞❣♠❡♥t✱ s✉❝❤ ❛s
❧✐❦❡❧② ❜♦✉♥❞s ♦♥ ♣❤②s✐❝❛❧ ✐♥t❡r✈❛❧s ♦r ♠♦r❡ ❡❧❛❜♦r❛t❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ♦r (b) t♦ ✐♥t❡❣r❛t❡
✐♥❞✐r❡❝t ✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s ❞❛t❛ ♦♥ ♦t❤❡r✱ ♠♦r❡ ❡❛s✐❧② ♦❜s❡r✈❛❜❧❡✱ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ❧✐♥❦❛❜❧❡
t♦ t❤❡ ✉♥❝❡rt❛✐♥ ✈❛r✐❛❜❧❡ ♦❢ ✐♥t❡r❡st ❜② ❛ ♣❤②s✐❝❛❧ ♠♦❞❡❧✳ ▼❡t❤♦❞s ❢♦r (b) ❛r❡ ♠❛❦✐♥❣ ✉s❡ ♦❢
♣r♦❜❛❜✐❧✐st✐❝ ✐♥✈❡rs❡ ♠❡t❤♦❞s s✐♥❝❡ t❤❡ r❡❝♦✈❡r✐♥❣ ♦❢ ✐♥❞✐r❡❝t ✐♥❢♦r♠❛t✐♦♥ ✐♥✈♦❧✈❡s ❣❡♥❡r❛❧❧② t❤❡
✐♥✈❡rs✐♦♥ ♦❢ ❛ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ♦r ❛ ❝♦♠♣✉t❡r s✐♠✉❧❛t♦r H✳ ■t ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥❝❡rt❛✐♥t②
♠♦❞❡❧
Yi = H(Xi, di) + Ui, i ∈ {1, . . . , n}, ✭✶✮
✇❤❡r❡ Xi ∈ Rq ✐s ❛ ♥♦♥✲♦❜s❡r✈❡❞ ✐♥♣✉t✱ di ∈ Rq2 ❛♥ ♦❜s❡r✈❡❞ ✐♥♣✉t r❡❧❛t❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
❝♦♥❞✐t✐♦♥s ❛♥❞ Ui ∈ Rp ❛ ♠❡❛s✉r❡♠❡♥t ❡rr♦r✳ ❚❤❡ ❡rr♦r Ui ❛♥❞Xi ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t
❢♦r i = 1, . . . , n✳ ▼♦r❡♦✈❡r t❤❡ ✭Yi, i = 1, . . . , n) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ ♣✉r♣♦s❡ ✐s t♦ ❡st✐♠❛t❡ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs Xis ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥s (yi, i = 1, . . . , n)✱ ❦♥♦✇✐♥❣ t❤❛t t❤❡
❢✉♥❝t✐♦♥ H ✭t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧✳ ✳ ✳ ✮ ❝❛♥♥♦t ❜❡ ✐♥✈❡rt❡❞✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r Xi
✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ Nq(m,C)✱ ✇✐t❤ ♠❡❛♥ m ❛♥❞ ✈❛r✐❛♥❝❡ ♠❛tr✐①
C t♦ ❜❡ ❡st✐♠❛t❡❞✱ ❛♥❞ t❤❡ ❡rr♦r ✈❡❝t♦r Ui ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥
Np(0, R)✱ ✇✐t❤ ❦♥♦✇♥ ❞✐❛❣♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① R✳
▼❛♥② ❛♣♣r♦❛❝❤❡s ❛r❡ ♣♦ss✐❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤✐s ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❛s ❧✐♥❡❛r✐③✐♥❣ t❤❡ ♣❤②s✐❝❛❧
♠♦❞❡❧H ❛r♦✉♥❞ ❛ ✜①❡❞ ♣♦✐♥t x0 ✭s❡❡ ❈❡❧❡✉① ❡t ❛❧✳ ✷✵✶✵✱ ❬✶✶❪✮✱ ♦r ✉s✐♥❣ ❛ ♥♦♥ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ ❢✉♥❝t✐♦♥H ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❦r✐❣✐♥❣ ❛♥❞ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤✐s ♥♦♥
❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ H ✭s❡❡ ❇❛r❜✐❧❧♦♥ ❡t ❛❧✳ ✷✵✶✶✱ ❬✶✷❪✮✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♦♣t ❢♦r ❛ ❇❛②❡s✐❛♥
❛♣♣r♦❛❝❤ ❛❧❧♦✇✐♥❣ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣r✐♦r ❦♥♦✇❧❡❞❣❡ t❤❛t ❝❛♥ ❜❡ ❤❡❧♣❢✉❧✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t♦
❛✈♦✐❞ ✐❞❡♥t✐✜❛❜✐❧✐t② ♣r♦❜❧❡♠s✳
❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤✐s ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡s ♠❛♥② ♣♦ss✐❜❧❡ ❡rr♦rs✿
❼ ❊st✐♠❛t✐♦♥ ❡rr♦r✿ ❯s✉❛❧❧② t❤❡ s❛♠♣❧❡ s✐③❡ n ✐s s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡s ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ❧❛r❣❡❀
❼ ❊♠✉❧❛t♦r ❡rr♦r✿ ❙✐♥❝❡ H ✐s t♦♦ ❝♦♠♣❧❡①✱ t❤❡r❡ ✐s t❤❡ ♥❡❡❞ t♦ r❡♣❧❛❝❡ ✐t ✇✐t❤ ❛♥ ❡♠✉❧❛t♦r
Ĥ ❛♥❞ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ H ❛♥❞ Ĥ ❝♦✉❧❞ ✐♥❞✉❝❡ ❛♥ ✐♠♣♦rt❛♥t ❡rr♦r❀
❼ ❆❧❣♦r✐t❤♠✐❝ ❡rr♦r✿ ❚♦ ♣r♦❝❡❡❞ t♦ st❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡✱ t❤❡r❡ ✐s t❤❡ ♥❡❡❞ t♦ ✉s❡ ❝♦♠♣❧❡①
st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤❡ ❇❛②❡s✐❛♥ s❡tt✐♥❣✱ t❤♦s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ▼♦♥t❡ ❈❛r❧♦ ▼❛r❦♦✈
❈❤❛✐♥s ✭▼❈▼❈✮ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ♣r♦❞✉❝❡ ▼❛r❦♦✈ ❝❤❛✐♥s ❝♦♥✈❡r❣✐♥❣ t♦ t❤❡ ❞❡s✐r❡❞ ♣♦s✲
t❡r✐♦r ❞✐str✐❜✉t✐♦♥s✳ ❇✉t✱ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠s t♦✇❛r❞s
t❤❡✐r ❧✐♠✐t ❞✐str✐❜✉t✐♦♥s ✐s ✐♠♣♦rt❛♥t t♦ ❣❡t r❡❧✐❛❜❧❡ ❡st✐♠❛t❡s✳
❼ Pr✐♦r ❡rr♦r✿ ❚❤❡ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs m ❛♥❞ C ✐s ❡①♣❡❝t❡❞ t♦ ♣r♦❞✉❝❡
r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t❡s ♦❢ s♠❛❧❧❡r ✈❛r✐❛♥❝❡s t❤❛♥ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s✳ ❇✉t✱ ✐❢ t❤❡
♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❛r❡ ✐rr❡❧❡✈❛♥t✱ ✐t ❝♦✉❧❞ ❥❡♦♣❛r❞✐③❡ t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✳
❇❡②♦♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠✱ t❤✐s ♣❛♣❡r ✐s ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❛ss❡ss♠❡♥t ♦❢ t❤❡ q✉❛❧✐t②
♦❢ t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t❡s✳ ■t ✐♠♣❧✐❡s t♦ ♠❡❛s✉r❡ ❛♥❞ ❝♦♥tr♦❧ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❡rr♦r s♦✉r❝❡s✳
■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r✐♦r ❡rr♦r ✇❤✐❝❤ r❡❝❡✐✈❡❞ ❧✐tt❧❡ ❛tt❡♥t✐♦♥ ❛♥❞ ♣r♦♣♦s❡ t♦ ♠❡❛s✉r❡
✐t ✇✐t❤ ❛ ❝r✐t❡r✐♦♥ ✭❉❆❈✮ ✇❡❧❧✲❛❞❛♣t❡❞ ❢♦r ❡♠✉❧❛t♦rs ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t✳ ❖❜✈✐♦✉s❧② t❤♦s❡
❘❘ ♥➦ ✼✾✾✺
✹ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
❞✐✛❡r❡♥t ❡rr♦r s♦✉r❝❡s ❛r❡ ❧✐♥❦❡❞ ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s ❢♦r ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✇✐t❤ s♠❛❧❧ s❛♠♣❧❡s
❛r❡ ❞✐s❝✉ss❡❞✳ ❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ❢♦r ❛
❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ❛♥ ❡♠✉❧❛t♦r ♦❢ ♠♦❞❡❧ ✭✶✮ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡ ♣♦ss✐❜❧❡ ❡rr♦r s♦✉r❝❡s ❛r❡
♣r❡❝✐s❡❧② ❞❡s❝r✐❜❡❞✳ ❚❤❡♥✱ t❤❡ ❉❆❈ ❝r✐t❡r✐♦♥ t♦ ♠❡❛s✉r❡ t❤❡ ♣r✐♦r ❡rr♦r ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥
✸ ❛s t❤❡ r❡s✉❧t✐♥❣ str❛t❡❣② ❢♦r ❛ss❡ss✐♥❣ ❜♦t❤ t❤❡ ❡♠✉❧❛t♦r ❛♥❞ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳ ◆✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✱ ✇❤❡r❡ ❞✐✛❡r❡♥t ❝r✐t❡r✐❛ ❛ss❡ss✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❡rr♦r s♦✉r❝❡s ❛r❡ ✐❧❧✉str❛t❡❞ ❛♥❞
❝♦♠♣❛r❡❞✱ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞ ❛ ❉✐s❝✉ss✐♦♥ s❡❝t✐♦♥ ❡♥❞s t❤❡ ♣❛♣❡r✳
✷ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✇✐t❤ ❛ ●❛✉ss✐❛♥ ❡♠✉❧❛t♦r
■♥ t❤❡ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦✱ t❤❡ ✜rst t❛s❦ ✐s t♦ ❝❤♦♦s❡ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π(θ) ❢♦r t❤❡ ♣❛r❛♠❡t❡r
θ = (m,C) t♦ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ✭✶✮✳ ❆ ❝♦♥❥✉❣❛t❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞
m |C ∼ Nq(µ,C/a); ✭✷✮
C ∼ IWq(Λ, ν), ✭✸✮
t❤❡ ❤②♣❡r♣❛r❛♠❡t❡rs ρ = (µ, a,Λ, ν) ❜❡✐♥❣ s♣❡❝✐✜❡❞ ❜② t❤❡ ✉s❡r✳
❚❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ π(θ|y) ✐s ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ ❛ ●✐❜❜s s❛♠♣❧❡r ✐♥❝❧✉❞✐♥❣ ❛ ▼❡tr♦♣♦❧✐s✲
❍❛st✐♥❣s st❡♣ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❚✐❡r♥❡②✱ ✶✾✾✺✱ ❬✷✸❪✮✳ ❆❝t✉❛❧❧②✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❝♦♥❞✐✲
t✐♦♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ♦❢ m,C ❛♥❞ X = {X1, . . . , Xn} ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ●✐❜❜s s❛♠♣❧❡r
✭❜❡❧♦✇ t❤❡ (r + 1)✲t❤ ✐t❡r❛t✐♦♥✮✿
●✐✈❡♥ (m[r], C [r],X[r]) ❢♦r r = 0, 1, 2, . . . ✱ ❣❡♥❡r❛t❡





[r] −X [r]i )(m[r] −X
[r]
i )
′ + a(m[r] − µ)(m[r] − µ)′, ν + n+ 1
)











✇❤❡r❡ X[r]n ❞❡♥♦t❡s t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ♦❢ t❤❡ n
✈❡❝t♦rs X [r]i , i = 1, . . . , n






















Yi −H(X [r+1]i , di)
) ]}
✇❤✐❝❤ ✐s ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❝❧♦s❡❞ ❢♦r♠ ❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❛t ✐s ✇❤② ❛ ▼❡tr♦♣♦❧✐s✲
❍❛st✐♥❣s ✭▼❍✮ st❡♣ ✐s ✉s❡❞ t♦ s✐♠✉❧❛t❡ X[r+1] ❢r♦♠ ✐ts ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳
◆♦✇✱ ❝♦♥s✐❞❡r✐♥❣ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❡①t❡♥s✐✈❡ s❛♠♣❧✐♥❣ ♦❢ H(X, d) ✐s t♦♦ t✐♠❡✲❝♦♥s✉♠✐♥❣✱ ✇❡
♣r♦♣♦s❡ t♦ r❡♣❧❛❝❡ H ✇✐t❤ ❛ ♠❛①✐♠✐♥ ▲❍❉ ✭▲❛t✐♥ ❍②♣❡r❝✉❜❡ ❉❡s✐❣♥✮ ❦r✐❣✐♥❣ ❡♠✉❧❛t♦r Ĥ✱
❢♦❧❧♦✇✐♥❣ ❇❛r❜✐❧❧♦♥ ✭✷✵✶✵✮ ❬✻❪✳ ❚❤✐s ❡♠✉❧❛t♦r ✐s ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳
❼ ❑r✐❣✐♥❣ ✐s ❛ ❣❡♦st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ✭▼❛t❤❡r♦♥ ✶✾✼✶✱ ❬✼❪✮ t❤❛t ❤❛s ❜❡❡♥ ❛❞❛♣t❡❞ ❜② ❙❛❝❦s
❛♥❞ ❛❧✳ ✭✶✾✽✾❜✱ ❬✷✵❪✮ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ ♣❤②s✐❝❛❧ ♠♦❞❡❧ H ♦♥ ❛ ❜♦✉♥❞❡❞ ❤②♣❡r❝✉❜❡ Ω✳ ❚❤✐s
♠❡t❤♦❞ ❤❛s ❦♥♦✇♥ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st ✐♥ ♠❡t❛✲♠♦❞❡❧✐♥❣ s✐♥❝❡ t❤❡ ✇♦r❦s ♦❢ ❑♦❡❤❧❡r ❛♥❞
❖✇❡♥ ✭✶✾✾✻✱ ❬✶✻❪✮✱ ❙❛♥t♥❡r ❛♥❞ ❛❧✳ ✭✷✵✵✸✱ ❬✷✶❪✮ ❛♥❞ ❋❛♥❣ ❛♥❞ ❛❧✳ ✭✷✵✵✻✱ ❬✶✹❪✮✱ ❛♠♦♥❣
♦t❤❡rs✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❛♣♣r♦❛❝❤ t❤❡ ❢✉♥❝t✐♦♥ H ✐s r❡❣❛r❞❡❞ ❛s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛
●❛✉ss✐❛♥ Pr♦❝❡ss ✭●P✮ H ∼ ●P(µ, c)✱ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ✐ts ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✿
µ(z) = E[H(z)] ❛♥❞ c(z, z′) = ❈♦✈[H(z),H(z′)] = σ2Kǫ(‖z − z′‖)
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✺
❢♦r ❛♥② z = (x, d)✱ Kǫ ❜❡✐♥❣ ❛ s②♠❡tr✐❝ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ s✉❝❤ t❤❛t Kǫ(0) = 1✳ ■♥ ❛
❇❛②❡s✐❛♥ ♣❡rs♣❡❝t✐✈❡✱ ●P ♠♦❞❡❧❧✐♥❣ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣r♦✈✐❞✐♥❣ H ✇✐t❤ ❛ ♣r✐♦r ✭❘❛s✲
♠✉ss❡♥ ✫ ❲✐❧❧✐❛♠s✱ ✷✵✵✻✱ ❬✶✽❪✮✳ ❚❤❡ ♣r♦❝❡ss H ❝❛♥ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞
❦♥♦✇✐♥❣ s♦♠❡ ❡✈❛❧✉❛t✐♦♥s HDN = {H(z(1)), . . . , H(z(N))} ♦♥ ❛ ❞❡s✐❣♥ ♦❢ ❡①♣❡r✐♠❡♥ts
DN = {z(1), . . . , z(N)} ♦❢ N ♣♦✐♥ts z(j) = (x(j), d(j))✳
❚❤❡ ❜❡st ▼❙P❊ ✭▼❡❛♥ ❙q✉❛r❡❞ Pr❡❞✐❝t✐♦♥ ❊rr♦r✮ ♣r❡❞✐❝t♦r ♦❢ H✱ ❞❡♥♦t❡❞ ❜② Ĥ✱ ✐s t❤❡
❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥✿
Ĥ(z) = E (H(z) |HDN ) , ∀z ∈ Ω.
❚❤❡♥ Ĥ(z) ✐s ♠✐♥✐♠✐③✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦ss ❢✉♥❝t✐♦♥ (H(z)− Ĥ(z))2✱





, ∀z ∈ Ω.
❼ ❚❤❡ s❡t DN = {z(1), . . . , z(N)} ✐s ❝❤♦s❡♥ ♦♥ Ω ∈ Rq+q2 ❛❝❝♦r❞✐♥❣ t♦ ❛ ♠❛①✐♠✐♥ ▲❍❉ ✭s❡❡
▼❝❑❛②✱ ❇❡❝❦♠❛♥✱ ❛♥❞ ❈♦♥♦✈❡r ✶✾✼✾✱ ❬✶✸❪✮✿ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥
Ω ✐s ❞✐✈✐❞❡❞ ✐♥t♦ N ✐♥t❡r✈❛❧s ♦❢ ❡q✉❛❧ ❧❡♥❣t❤ ❛♥❞ t❤❡ s❡t DN ♦❢ N ♣♦✐♥ts ❛r❡ s❡❧❡❝t❡❞ s✉❝❤
t❤❛t ✇❤❡♥ ♣r♦❥❡❝t❡❞ ♦♥ ❛♥② ❞✐♠❡♥s✐♦♥✱ ❡❛❝❤ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥s ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ♦❢ t❤❡ N




❛♠♦♥❣st t❤❡ ▲❍❉ ♦❢ s✐③❡ N ✳
❋♦r t❤❡ ❦r✐❣✐♥❣ ✈❡rs✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥❡✇ ❡♠✉❧❛t♦r ❡rr♦r✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
X ✐s ❛s ❢♦❧❧♦✇s
π(X |Y,m,C, ρ,HDN ) ∝ π(X |m,C, ρ,HDN ) · π(Y |X,m,C, ρ,HDN )






















































 n ❧✐♥❡s❘❘ ♥➦ ✼✾✾✺
✻ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs






















❢♦r j = 1, . . . , p✱ ✇❤❡r❡ Z ❞❡♥♦t❡s t❤❡ n s❛♠♣❧❡ ♣♦✐♥ts {Z1, . . . , Zn} ✇✐t❤ Zi = (Xi, di)✱ Hj ❞❡♥♦t❡s
t❤❡ jt❤ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss H ❛♥❞ HDN ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H ♦♥
t❤❡ ❞❡s✐❣♥ DN ✳ ❙✐♠✉❧❛t✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ X r❡q✉✐r❡s t❤❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s
✭▼❍✮ st❡♣ ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳
❈♦♥tr♦❧❧✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❡rr♦r ❆♥ ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠ ✇❤❡♥ r✉♥♥✐♥❣ ▼❈▼❈ ❛❧❣♦r✐t❤♠s
✐s ♠♦♥✐t♦r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❛❜♦✈❡
♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠✐❝ ❡rr♦r✳ ❆❝t✉❛❧❧②✱ ▼❈▼❈ ❛❧❣♦r✐t❤♠s ❝❛♥ ❝♦♥✈❡r❣❡ s❧♦✇❧② ❛♥❞ st♦♣♣✐♥❣ ❛
s✐♠✉❧❛t❡❞ ❝❤❛✐♥ t♦♦ ❡❛r❧② ❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ♣♦♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥✳ ▼♦♥✲
✐t♦r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ✐s ❛❧s♦ ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳ ❉❡s♣✐t❡ ♠❛♥② ❡✛♦rts
❤❛✈❡ ❜❡❡♥ ♣❛✐❞ ♦♥ t❤✐s q✉❡st✐♦♥✱ t❤❡r❡ ✐s ♥♦t ❛♥ ❛❜s♦❧✉t❡ ✇❛② t♦ ❛♥s✇❡r ✐t✳ ❲❡ ❝❤♦s❡ t♦ ✉s❡ t❤❡
♠✉❝❤ ❡♠♣❧♦②❡❞ ❇r♦♦❦s✲●❡❧♠❛♥ ✭❇●✮ st❛t✐st✐❝s ✭❇r♦♦❦s ❡t ●❡❧♠❛♥✱ ✶✾✾✽✱ ❬✶❪✮ ❝♦♠♣✉t❡❞ ❢r♦♠
✜✈❡ r❡♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ▼❛r❦♦✈ ❝❤❛✐♥ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✳ ❚❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ✐s
st♦♣♣❡❞ ✐❢ t❤❡ ❇● st❛t✐st✐❝s ✐s s♠❛❧❧❡r t❤❛♥ ✶✳✵✺✳ ❲❡ s❡❧❡❝t t❤✐s s❡✈❡r❡ t❤r❡s❤♦❧❞ ♦❢ ✶✳✵✺✱ ✐♥st❡❛❞
♦❢ t❤❡ ♠♦r❡ st❛♥❞❛r❞ ✶✳✷ ✈❛❧✉❡ s✉❣❣❡st❡❞ ✐♥ ❬✶❪✱ t♦ ♠❛❦❡ s✉r❡ t❤❛t ❛ r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ r❡❛❝❤❡❞✳
▼❡❛s✉r✐♥❣ t❤❡ ❡♠✉❧❛t♦r ❡rr♦r ❍♦✇❡✈❡r✱ ❛ ❣♦♦❞ ♠♦♥✐t♦r✐♥❣ ♦❢ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞
❜❡ ❥❡♦♣❛r❞✐③❡❞ ✐❢ t❤❡ ❡♠✉❧❛t♦r Ĥ ✐s t♦♦ ❢❛r ❢r♦♠ t❤❡ ♠♦❞❡❧ H ✭t❤❡ ❡♠✉❧❛t♦r ❡rr♦r✮✳ ❚②♣✐❝❛❧❧②✱
t❤❡ ❡♠✉❧❛t♦r ❡rr♦r ❝❛♥ ❜❡ ❧❛r❣❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts N ♦❢ t❤❡ ❞❡s✐❣♥ DN ✐s t♦♦ s♠❛❧❧✳ ❚✇♦
♠✉❝❤ ❡♠♣❧♦②❡❞ ❝r✐t❡r✐❛ t♦ ♠❡❛s✉r❡ t❤❡ q✉❛❧✐t② ♦❢ ❛ ❞❡s✐❣♥ ❛r❡ ❡①♣❡r✐♠❡♥t❡❞ ❤❡r❡✳









t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ tr✉❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ H ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ✈❛❧✉❡ Ĥ
♦♥ ❛ ✈❛❧✐❞❛t✐♦♥ s❛♠♣❧❡ D∗ = {v(1), . . . , v(N∗)}✱ H(D∗) ❞❡♥♦t✐♥❣ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ✈❛❧✉❡
■♥r✐❛
































❼ e(i) ✐s t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❛t z(i) ♦❢ ❛ ✜tt❡❞ ♠♦❞❡❧ ✇✐t❤♦✉t t❤❡ ♣♦✐♥t z(i)❀
❼ Ĥ−i(z(i)) ✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ H ❛t z(i) ❞❡r✐✈❡❞ ❢r♦♠ ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ❞❡s✐❣♥
❡①❝❡♣t z(i)✳
❇♦t❤ ✈❡rs✐♦♥s ♦❢ Q2 ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ r❛t✐♦ ♦❢ ✈❛r✐❛♥❝❡ ❡①♣❧❛✐♥❡❞ ❜② ❛♥ ❡♠✉❧❛t♦r✳ ❚❤❡
❝❧♦s❡r Q2 t♦ ✶✱ t❤❡ s♠❛❧❧❡r t❤✐s r❛t✐♦ ✐s ❛♥❞ t❤❡ ❜❡tt❡r t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❞❡s✐❣♥ DN ✐s✳
✐✐✮ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❝r✐t❡r✐♦♥ ✐s t❤❡ ▼❛❤❛❧❛♥♦❜✐s ❞✐st❛♥❝❡ ✭▼❉✮ ✭s❡❡ ❇❛st♦s ❛♥❞ ❖✬❍❛❣❛♥ ✷✵✵✾✱










✇❤❡r❡ ▼❙❊(D∗) ✭▼❡❛♥ ❙q✉❛r❡❞ ❊rr♦r✮ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❞❡s✐❣♥
D∗ ❦♥♦✇✐♥❣ HD∗ = {H(v(1)), . . . , H(v(N∗))}✳ ❆♥ ✐♥t❡r❡st ♦❢ t❤✐s ❝r✐t❡r✐♦♥ ✐s t♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥ts t❤r♦✉❣❤ t❤❡ ▼❙❊(D∗) t❡r♠✳ ❖❜✈✐♦✉s❧②✱ t❤❡
▼❉ ✈❛❧✉❡ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ D∗✳ D∗ ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛t❡❞ ❛s ❛ ♠❛①✐♠✐♥ ▲❍❉✳ ❆














✇❤❡r❡ Ĥ−i(z(i)) ❞❡♥♦t❡s t❤❡ ♣r❡❞✐❝t♦r ♦❢ H ❛t ♣♦✐♥t z(i) ❜② ✉s✐♥❣ t❤❡ ❞❡s✐❣♥ D−i =
{z(1), . . . , z(i−1), z(i+1), . . . , z(N)} ❛♥❞ ▼❙❊−i(z(i)) ❞❡♥♦t❡s t❤❡ r❡❧❛t❡❞ sq✉❛r❡❞ ❡rr♦r✳
❘❘ ♥➦ ✼✾✾✺
✽ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
◆♦✇✱ t❤❡ s♠❛❧❧❡r t❤❡ s❛♠♣❧❡ s✐③❡ n✱ t❤❡ ❣r❡❛t❡r t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐s✳ ❚❤❡ t✇♦ ❛❜♦✈❡
♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐❛ ❛r❡ ♥♦t ❛✐♠✐♥❣ t♦ ♠❡❛s✉r❡ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✳ ❇✉t s✐♥❝❡ H ✐s ❝♦♠♣❧❡①✱ ✐t
✐s q✉✐t❡ ❞✐✣❝✉❧t t♦ ❛ss❡ss t❤✐s ❡rr♦r ✐♥ ❛♥ ✐♥✈❡rs❡ ♠♦❞❡❧❧✐♥❣ ❝♦♥t❡①t✳ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❝♦✉❧❞ ❜❡
❡①♣❡❝t❡❞ t♦ ❜❡ ❤❡❧♣❢✉❧ t♦ r❡❞✉❝❡ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✇❤❡♥ n ✐s s♠❛❧❧ ❛♥❞ ✇❤❡♥ r❡❧✐❛❜❧❡ ♣r✐♦r
✐♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t r❡❧❡✈❛♥t✱ t❤❡ ♣r✐♦r ❡rr♦r ✇✐❧❧ ❜❡
❧❛r❣❡ ❛♥❞ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❝♦✉❧❞ ❜❡ ❤❛r♠❢✉❧✳ ❋♦r t❤✐s ✈❡r② r❡❛s♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❜❡ ❛❜❧❡
t♦ ♠❡❛s✉r❡ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛
♣r♦♠✐s✐♥❣ ❝r✐t❡r✐♦♥✱ t❤❡ s♦✲❝❛❧❧❡❞ ❉❆❈ ❝r✐t❡r✐♦♥ ✭❇♦✉sq✉❡t ✷✵✵✽✱ ❬✷❪✮ ❢♦r t❤✐s t❛s❦✱ ❛s ❞❡t❛✐❧❡❞ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✳
✸ ❆ss❡ss✐♥❣ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛ ❞❡s✐❣♥
✸✳✶ ❚❤❡ ❉❆❈ ❝r✐t❡r✐♦♥
❚❤❡ ❉❆❈ ❝r✐t❡r✐♦♥ ✭❇♦✉sq✉❡t ✷✵✵✽✱ ❬✷❪✮ ❤❛s ❜❡❡♥ ❝♦♥❝❡✐✈❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞✐s❝r❡♣❛♥❝②
❜❡t✇❡❡♥ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❞❛t❛✳ ▲❡t y ❜❡ ❛ s❛♠♣❧❡ ✇✐t❤ ♣❞❢
f(y|θ)✳ ▲❡t πJ(θ) ❜❡ ❛ ❜❡♥❝❤♠❛r❦ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❨❛♥❣ ❛♥❞ ❇❡r❣❡r ✶✾✾✽✱




✇❤❡r❡ ❑▲(p||q) ✐s ❞❡♥♦t✐♥❣ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s








X ❜❡✐♥❣ t❤❡ s❡t ♦❢ ❛❧❧ ❛❝❝❡ss✐❜❧❡ ✈❛❧✉❡s ❢♦r x✳ ❚❤❡ r❛t✐♦♥❛❧❡ ✉♥❞❡r❧②✐♥❣ ❉❆❈ ❝r✐t❡r✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿
t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ πJ(θ|y) ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛♥
✐❞❡❛❧ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ θ ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❞❛t❛ y✳ ❚❤✉s✱ ❑▲(πJ(θ|y)||π(θ)) ✐s
♠❡❛s✉r✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r✐♦r π t♦ ❜❡ ❛ss❡ss❡❞ ❛♥❞ t❤❡ ✐❞❡❛❧ ♣r✐♦r πJ(·|y)✳
■❢ ❉❆❈(π|y) ≤ 1✱ t❤❡ ✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r π ✐s ❝❧♦s❡r t♦ t❤❡ ✐❞❡❛❧ ♣r✐♦r t❤❛♥ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡
♣r✐♦r πJ ✱ ❛♥❞ t❤❡ ❞❛t❛ y ❛♥❞ t❤❡ ♣r✐♦r π(θ) ❛r❡ ❞❡❝❧❛r❡❞ t♦ ❜❡ ✐♥ ❛❣r❡❡♠❡♥t✳ ❖t❤❡r✇✐s❡ ✐❢
❉❆❈(π|y) > 1✱ t❤❡ ❞❛t❛ y ❛♥❞ t❤❡ ♣r✐♦r π(θ) ❛r❡ ❞❡❝❧❛r❡❞ t♦ ❜❡ ❞✐s❝r❡♣❛♥t✳ ❉❆❈ ❤❛s ❜❡❡♥
♣r♦✈❡❞ t♦ ❜❡ ❡✣❝✐❡♥t ✇❤❡♥ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r πJ(θ) ✐s ♣r♦♣❡r ✭s❡❡ ❇♦✉sq✉❡t ✷✵✵✽✱ ❬✷❪✮✳
✸✳✷ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡♠✉❧❛t♦r
■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ ❛ ❦r✐❣✐♥❣ ❡♠✉❧❛t♦r ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t Ω ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r θ = (m,C)✳ ❙✐♥❝❡ t❤❡ ❡♠✉❧❛t♦r ✐s
❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t✱ t❤❡ ♣❛r❛♠❡t❡rs m ❛♥❞ C ❛r❡ ❛❧s♦ r❡str✐❝t❡❞ t♦ ❜❡ ✐♥ ❝♦♠♣❛❝t s❡ts Ωm
❛♥❞ ΩC ✳ ■t ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ♣r♦♣❡r ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r πJ(m,C) ✭❝❤♦s❡♥ ❛s t❤❡ ❏❡✛r❡②s
♣r✐♦r ❢♦r t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ♠♦❞❡❧✮✱ t❤❡♥ ❛ tr❛❝t❛❜❧❡ ❉❆❈✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ♣r❡❝✐s✐♦♥s ❛❜♦✉t
Ωm✱ ΩC ❛♥❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❉❆❈ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐❝❡s ❈ ❛♥❞ ❉✳
■t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t t❤❡ ❉❆❈ ❝r✐t❡r✐♦♥ ✐s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡s✐❣♥ DN ✳ ❉❡♥♦t✐♥❣
πJ(θ|y, DN ) t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ θ ❣✐✈❡♥ t❤❡ ❞❛t❛ y ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥ DN =









❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✾
❆ ❉❆❈ ✈❛❧✉❡ ❣r❡❛t❡r t❤❛♥ ♦♥❡ ✐s ❥✉st ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡r❡ ✐s s♦♠❡t❤✐♥❣ ♠✐s❧❡❛❞✐♥❣ ❜❡t✇❡❡♥ t❤❡
❞❛t❛✱ t❤❡ ♣r✐♦r ❛♥❞ t❤❡ ❞❡s✐❣♥✳ ❚❤✉s✱ ✐❢ t❤❡ ❞❛t❛ ❛♥❞ t❤❡ ♣r✐♦r ❛r❡ ❦♥♦✇♥ ✭♦r ❛ss✉♠❡❞✮ t♦ ❜❡
r❡❧❡✈❛♥t✱ ❉❆❈ ❝♦✉❧❞ r❡❣❛r❞❡❞ ❛s ❛ ❝r✐t❡r✐♦♥ t♦ ❛ss❡ss t❤❡ ❞❡s✐❣♥ ❛s Q2 ♦r ▼❉✳
✸✳✸ ❈♦♠♣✉t✐♥❣ ❉❆❈
❙✐♥❝❡ ST ≤ 1 ⇐⇒ S − T ≤ 0, ✐❢ S ≥ 0, T > 0✱ ❛ ♥✉♠❡r✐❝❛❧❧② ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ✈❡rs✐♦♥ ♦❢ ❉❆❈✱
❞❡♥♦t❡❞ ❜② ❉̃❆❈ ✐s















































❚❤❡r❡❢♦r❡✱ t❤❡ tr❛♥s❢♦r♠❡❞ ❉̃❆❈ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿












− EπJ (θ|y,HDN ) [log π(θ)] ,
❛♥❞ t❤❡ ❉̃❆❈ ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ♦✉t♣✉ts ♦❢ ❛ ●✐❜❜s s❛♠♣❧❡r r✉♥ ✇✐t❤ ❛ ♥♦♥✲











✇❤❡r❡ θr ∼ πJ(·|y,HDN )✱ r ∈ {1, ..., R} ✐s ❛ s✐♠✉❧❛t❡❞ s❡q✉❡♥❝❡ ♦❜t❛✐♥❡❞ ❜② ●✐❜❜s s❛♠♣❧✐♥❣✳
❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
❉̃❆❈N := ❉̃❆❈(π|y,HDN ).
❉̃❆❈N ≤ 0 ♠❡❛♥s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π(θ) ❛♥❞ t❤❡ ❝♦✉♣❧❡ ✭y✱ HDN ✮ ❛r❡ ❞❡❝❧❛r❡❞ ❝♦♠♣❛t✲
✐❜❧❡✳ ◆♦✇✱ ❝♦♠♣✉t✐♥❣ ❉❆❈ ❝r✐t❡r✐♦♥ r❡q✉✐r❡s t♦ r✉♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ●✐❜❜s s❛♠♣❧❡r ✇✐t❤ t❤❡
♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❉❡♥♦t✐♥❣ Xn = 1n
∑n
i=1Xi✱ t❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ m ✈❡r✐✜❡s


















✳ ❚❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① C ✈❡r✐✜❡s













✶✵ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
❚❤✉s ✐t ✐s ❛♥ ■♥✈❡rs❡✲❲✐s❤❛rt ❞✐str✐❜✉t✐♦♥ tr✉♥❝❛t❡❞ ♦♥ ΩC ✿
IΩC · IW
(
n (m−Xn)(m−Xn)′, n+ 1
)
. ✭✶✷✮
▼♦r❡♦✈❡r✱ t❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ X ❣✐✈❡♥ t❤❡ ❝✉rr❡♥t ♣❛r❛♠❡t❡rs
θ✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ y,d ❛♥❞ t❤❡ ❡✈❛❧✉❛t✐♦♥s HDN ✐s ❣✐✈❡♥ ❜② ✭✹✮✳
❯s✐♥❣ t❤♦s❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s✱ t❤❡ ●✐❜❜s s❛♠♣❧❡r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡
♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ (m,C) ✇✐t❤ ❛ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r tr✉♥❝❛t❡❞ t♦ t❤❡ ❞♦♠❛✐♥ Ωm ×
ΩC ❝♦✉❧❞ ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❞❡s❝r✐❜❡❞✳ ❖❜✈✐♦✉s❧②✱ ✐t ✐♥❝♦r♣♦r❛t❡s t❤❡ ▼❍ st❡♣ ♣r❡s❡♥t❡❞ ✐♥
❆♣♣❡♥❞✐① ❆ t♦ s✐♠✉❧❛t❡ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ X✳
❘❡♠❛r❦✿ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ C ✐s ❞✐✣❝✉❧t s✐♥❝❡ n (m−Xn)(m−Xn)′ ✐s ♥♦t ❛ ❞❡✜♥✐t❡ ❜✉t ❛ s❡♠✐✲
❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❛tr✐① ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❝❛♥ ♦❝❝✉r✳ ❍♦✇❡✈❡r✱ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✱
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✭✶✶✮ ✐s ♣r♦♣❡r✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ r❡❝♦♠♠❡♥❞ t♦ ✉s❡ ❛ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s
❛❧❣♦r✐t❤♠ ❢♦r s✐♠✉❧❛t✐♥❣ C✿
▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣ ✭▼❍✮ ❛❧❣♦r✐t❤♠
✶✳ ■t❡r❛t✐♦♥ ✵✿ ❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ C [0] = C0
✷✳ ■t❡r❛t✐♦♥ h✿ ❯♣❞❛t❡ C [h] ❛s ❢♦❧❧♦✇s✿
❼ ●❡♥❡r❛t❡ ξ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ f∗✱ ✇❤✐❝❤ ✐s ❛❞❞✐♥❣
❛ s♠❛❧❧ ❝♦rr❡❝t✐♦♥ ǫIq t♦ t❤❡ s❡♠✐✲♣♦s✐t✐✈❡ ❞❡❢✐♥✐t❡ ♠❛tr✐① (m−Xn)(m−
Xn)
′
f∗(ξ) = IΩC (ξ) · IW
(








✇✐t❤ g ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ♠❡❛♥s t❤❡ tr✉♥❝❛t❡❞
■♥✈❡rs❡✲❲✐s❤❛rt ❞✐str✐❜✉t✐♦♥ ✭✶✷✮








n (m−Xn)(m−Xn)′ · C−1
) ]
.
❼ ❈❤♦♦s❡ C [h] ❛s ❢♦❧❧♦✇s
C [h] =
{
ξ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② α(C [h−1], ξ),
C [h−1] ♦t❤❡r✇✐s❡.
✭✶✹✮
■♥ t❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ (C [h]) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ✭✶✷✮✳
✸✳✹ ❯s✐♥❣ t❤❡ ❉̃❆❈ ❝r✐t❡r✐♦♥
❇② ✐ts ✈❡r② ♥❛t✉r❡✱ t❤❡ ❝r✐t❡r✐♦♥ ❉̃❆❈ ✐s ♠❡❛s✉r✐♥❣ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛
❛♥❞ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❆s s❤♦✇♥ ❛❜♦✈❡✱ ✐t ❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤♦✉t ♣❛rt✐❝✉❧❛r ❞✐✣❝✉❧t✐❡s✱
❞❡s♣✐t❡ ✐t ♥❡❡❞s t♦ r✉♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ●✐❜❜s s❛♠♣❧❡r✱ ✇❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ H ❤❛s ❜❡❡♥ r❡♣❧❛❝❡❞
❜② ❛ ❦r✐❣✐♥❣ ❡♠✉❧❛t♦r Ĥ✳ ❚❤✉s ❉̃❆❈ ✐s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❞❡s✐❣♥ DN ✳
❍❡♥❝❡ ❉̃❆❈ ✐s ❛ ❝r✐t❡r✐♦♥ ❛❧❧♦✇✐♥❣ t♦ ❛ss❡ss ❜♦t❤ t❤❡ ♣r✐♦r ❛♥❞ ❞❡s✐❣♥ r❡❧❡✈❛♥❝❡s ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ y✳ ❇✉t t❤✐s ❞♦✉❜❧❡ ❛ss❡ss♠❡♥t ❤❛s t♦ ❜❡ ❞♦♥❡ ♣r♦♣❡r❧② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❝❡❞✉r❡✿
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✶✶
✶✳ ■❢ ❉̃❆❈ ≤ 0 t❤❡♥ t❤❡ ♣r✐♦r ❛♥❞ t❤❡ ❞❡s✐❣♥ ❛r❡ ❞❡❝❧❛r❡❞ t♦ ❜❡ ❛❝❝❡♣t❛❜❧❡✳
✷✳ ■❢ ❉̃❆❈ > 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣ ✐s r❡q✉✐r❡❞✿
✉♥❞❡r ❛ ✏❣♦♦❞ ♣r✐♦r✑ ❛ss✉♠♣t✐♦♥✱ ❡❢❢♦rts ❛r❡ ♣❛✐❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❞❡s✐❣♥ ❜② ✐♥❝r❡❛s✐♥❣
N ♦r ♠♦❞✐❢②✐♥❣ Ω✳ ■❢ ❉̃❆❈ ✐s ♥♦t ❞❡❝r❡❛s✐♥❣ ✉♥❞❡r ③❡r♦✱ ✐t ♠❡❛♥s t❤❛t t❤❡ ♣r✐♦r
✐♥❢♦r♠❛t✐♦♥ ✐s q✉❡st✐♦♥❛❜❧❡ ❛♥❞ t❤❡r❡ ✐s t❤❡ ♥❡❡❞ t♦ ❣♦ ❜❛❝❦ t♦ t❤❡ ❡①♣❡rts✳


























■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐❛✱ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❛r❡ ♣❡r❢♦r♠❡❞ ❢r♦♠ s✐♠✉❧❛t❡❞ ❞❛t❛ ♦♥ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❛ ❤②❞r❛✉❧✐❝ ♠♦❞❡❧ Y = H(X, d)+U



































❛♥❞ t❤❡ ❡rr♦r t❡r♠ U ∼ N (0, 10−5 · I2)✳
❙✐♥❝❡ ✇❡ ❛r❡ ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✐♥ ❛♥❛❧②③✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❉❆❈✱ s✐① ❞✐✛❡r❡♥t ♣r✐♦r ❞✐str✐❜✉✲
t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡② ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳ ❘❡♠✐♥❞ t❤❛t
t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ♦r t❤❡ ♣❛r❛♠❡t❡rs m ❛♥❞ C ❛r❡ m|C ∼ N (µ,C/a) ❛♥❞ C ∼ IW(Λ, ν)
✇✐t❤ Λ = t · C̃❊①♣✳
✳
Prior PLV PMV PHV FHV BMV BHV
µ {30, 50} {30, 50} {30, 50} {35, 49} {10, 54} {10, 54}
a ✶ ✶✵ ✶✵ ✶ ✶ ✶ ✺ ✶✵ ✶ ✶
t ✷ ✷ ✸✵ ✷ ✷ ✷ ✷ ✷




































❚❛❜❧❡ ✶✿ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s✐① ♣r✐♦r ❞✐str✐❜✉t✐♦♥s✿ PLV ❂ ♣❡r❢❡❝t ♠❡❛♥ ❛♥❞ ❧♦✇ ✈❛r✐❛♥❝❡✱
PMV ❂ ♣❡r❢❡❝t ♠❡❛♥ ❛♥❞ ♠❡❞✐✉♠ ✈❛r✐❛♥❝❡✱ PHV ❂ ♣❡r❢❡❝t ♠❡❛♥ ❛♥❞ ❤✐❣❤ ✈❛r✐❛♥❝❡✱
FHV ❂ ❢❛✐r ♠❡❛♥ ❛♥❞ ❤✐❣❤ ✈❛r✐❛♥❝❡✱ BMV ❂ ❜❛❞ ♠❡❛♥ ❛♥❞ ♠❡❞✐✉♠ ✈❛r✐❛♥❝❡✱ BHV ❂
❜❛❞ ♠❡❛♥ ❛♥❞ ❤✐❣❤ ✈❛r✐❛♥❝❡✳
✹✳✶ ❆ss❡ss✐♥❣ t❤❡ ❞❡s✐❣♥
❚❤❡ ✜rst ❡①♣❡r✐♠❡♥ts ❛r❡ ❛✐♠✐♥❣ t♦ ❛ss❡ss t❤❡ ❛❜✐❧✐t② ♦❢ ❝r✐t❡r✐❛ Q2 ❛♥❞ ▼❉ t♦ ♠❡❛s✉r❡ t❤❡
q✉❛❧✐t② ♦❢ ❛ ❞❡s✐❣♥✳ ■♥ t❤✐s ♣✉r♣♦s❡ t❤r❡❡ ❞✐✛❡r❡♥t ❞❡s✐❣♥s ✇✐t❤ ✷✵ ♣♦✐♥ts✱ ✶✵✵ ♣♦✐♥ts ❛♥❞ ✺✵✵
♣♦✐♥ts ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ♦♥ t✇♦ ❞✐✛❡r❡♥t ❞♦♠❛✐♥s
Ω1 = [25.1001, 34.8999]× [48.0400, 51.9600]× [40, 1800]





Ω1 ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ r❡❛❧✐st✐❝ ❞♦♠❛✐♥ ❛♥❞ Ω2 ✐s ❛ ❧❛r❣❡r ❞♦♠❛✐♥✳ ❲❤❡♥ ✉s✐♥❣ ❛ ✈❛❧✐❞❛t✐♦♥
s❛♠♣❧❡ D∗✱ ✇❡ ❝❤♦♦s❡ ✐t ❛s ❛ ♠❛①✐♠✐♥ ▲❍❉ ✇✐t❤ ✶✵✵ ♣♦✐♥ts✳ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ ❣✐✈❡ t❤❡ ❜♦①
♣❧♦ts ♦❢ 1−Q2 ❜❛s❡❞ ♦♥ ✷✵ r❡♣❡t✐t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ ❛ ✈❛❧✐❞❛t✐♦♥ s❛♠♣❧❡ ❛♥❞ ❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝❧♦s❡r ♦♥❡ ❛♥❞ Q2 ❛r❡✱ t❤❡ ❜❡tt❡r t❤❡ ❞❡s✐❣♥ ✐s s✉♣♣♦s❡❞ t♦ ❜❡✳ ❚❤❡ ♦❜s❡r✈❡❞
❞✐✛❡r❡♥❝❡s ♦♥ 1−Q2 ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡s✐❣♥s ❛r❡ r❡❧❡✈❛♥t ❜✉t ❤❛r❞❧② ♣❡r❝❡♣t✐❜❧❡ ❛s ❡✈❡♥ ❛ s♠❛❧❧
❞❡s✐❣♥ ♦❢ ✷✵ ♣♦✐♥ts ♦♥ t❤❡ ❧❛r❣❡ ❞♦♠❛✐♥ Ω2 ♣r♦❞✉❝❡s s♠❛❧❧ 1 − Q2 ✈❛❧✉❡s✳ ❚❤❡ ❞✐✣❝✉❧t② ✇✐t❤
❝r✐t❡r✐♦♥ Q2 ✐s t♦ ❝❤♦♦s❡ ❛ s❡♥s✐❜❧❡ t❤r❡s❤♦❧❞ t♦ ❞❡❝❧❛r❡ t❤❛t ❛ ❞❡s✐❣♥ ✐s ❛❝❝❡♣t❛❜❧❡✳
❋✐❣✉r❡s ✸ ❛♥❞ ✹ ❞✐s♣❧❛② t❤❡ ❜♦① ♣❧♦ts ♦❢ log(▼❉) ✐♥ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s✳ ❆s ✐t ❝♦✉❧❞ ❜❡
❡①♣❡❝t❡❞✱ t❤✐s ❝r✐t❡r✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡s✐❣♥ ♣♦✐♥ts ✐♥❝r❡❛s❡s✳ ❚❤❡ ❝r♦ss✲
✈❛❧✐❞❛t❡❞ ▼❉ ❞♦❡s ♥♦t s❡❡♠ ✈❡r② s❡♥s✐t✐✈❡ ❢♦r t❤❡ ❞♦♠❛✐♥ Ω1 ❛♥❞ t❤❡ ❝r♦ss✲✈❛❧✐❞❛t❡❞ ▼❉ ✈❛❧✉❡s
❢♦r t❤❡ ❧❛r❣❡r ❞♦♠❛✐♥ ✇✐t❤ ❛ ❞❡s✐❣♥ ♦❢ ✺✵✵ ♣♦✐♥ts ❛r❡ ❛♠❛③✐♥❣ ✭s❡❡ ❋✐❣✉r❡ ✹✮✳ ▼♦r❡♦✈❡r✱ ❝♦♥tr❛r②
t♦ Q2 ❝r✐t❡r✐♦♥✱ ♥♦ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ✐s ❛✈❛✐❧❛❜❧❡ ✇✐t❤ ▼❉ ❛♥❞ ✐t s❡❡♠s ❞✐✣❝✉❧t t♦ ✉s❡ t❤✐s ♠♦r❡
❡①♣❡♥s✐✈❡ ❝r✐t❡r✐♦♥ t♦ ❛ss❡ss ❛ ❞❡s✐❣♥ ✭s❡❡ ❋✐❣✉r❡ ✸✮✳
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✶✸
Quality criterion : Q2


















❋✐❣✉r❡ ✶✿ 1−Q2 ❜♦① ♣❧♦ts ❝❛❧❝✉❧❛t❡❞ ♦♥ ❛ ✈❛❧✐❞❛t✐♦♥ s❛♠♣❧❡ ❢♦r s✐① ❞❡s✐❣♥s
Quality criterion : Q2












❋✐❣✉r❡ ✷✿ 1−Q2 ❜♦① ♣❧♦ts ❝❛❧❝✉❧❛t❡❞ ❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ❢♦r s✐① ❞❡s✐❣♥s
✹✳✷ ❆ss❡ss✐♥❣ t❤❡ ♣r✐♦r ❛♥❞ t❤❡ ❞❡s✐❣♥
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛✐♠ t♦ ❛♥❛❧②③❡ t❤❡ ❛❜✐❧✐t② ♦❢ ❉̃❆❈ t♦ ❛ss❡ss ❡✐t❤❡r ❛ ❞❡s✐❣♥
♦r ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳
❋✐❣✉r❡s ✺ ❛♥❞ ✻ ❞❡♣✐❝t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❉̃❆❈ ❢♦r t❤❡ ❞♦♠❛✐♥s Ω1 ❛♥❞ Ω2✱ ❢♦r ✷✵ r❡♣❡t✐t✐♦♥s ♦❢
t❤❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ s✐① ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❛♥❞ ♠❛①✐♠✐♥ ▲❍❉s ✇✐t❤ ✷✵✱ ✶✵✵ ❛♥❞ ✺✵✵ ♣♦✐♥ts✳ ❋r♦♠
t❤♦s❡ ✜❣✉r❡s✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ✧❜❛❞✧ ♣r✐♦rs ❛r❡ ❞✐s❝❛r❞❡❞ ❜② ❉̃❆❈ ✐♥ ❛❧❧ ❝❛s❡s✱ ❜✉t ❢♦r t❤❡
♦t❤❡r ♣r✐♦rs ❡✈❡♥ t❤❡ ❞❡s✐❣♥ ✇✐t❤ ✷✵ ♣♦✐♥ts s❡❡♠s ❛❝❝❡♣t❛❜❧❡✳ ❖❜✈✐♦✉s❧②✱ ❢♦r t❤✐s ♣♦♦r ❞❡s✐❣♥ t❤❡
●✐❜❜s s❛♠♣❧❡r ❝♦♥✈❡r❣❡s ❞r❛♠❛t✐❝❛❧❧② s❧♦✇❡r ✭✷ ✵✵✵ ✐t❡r❛t✐♦♥s ❢♦r D500 ❛♥❞ ✶✵✵ ✵✵✵ ✐t❡r❛t✐♦♥s
❢♦r D20✮✱ ❜✉t ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s ✐t ✐s ♥♦t ❛♥ ✐ss✉❡✳ ❆❝t✉❛❧❧②✱ t❤❡ ♠❛✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ✐s
❝♦♠♣✉t✐♥❣ t❤❡ ❤✐❣❤❧② ❈P❯✲t✐♠❡ ❞❡♠❛♥❞✐♥❣ ♣❤②s✐❝❛❧ ♠♦❞❡❧ H✳ ■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ r✉♥♥✐♥❣ ❛
●✐❜❜s s❛♠♣❧❡r ✇✐t❤ ❛ ❞❡s✐❣♥ ♦❢ N ♣♦✐♥ts r❡q✉✐r❡ N ❝❛❧❧s t♦ t❤❡ ❢✉♥❝t✐♦♥ H ❛♥❞ ✐t ❝♦✉❧❞ ❜❡ ❢❛st❡r
❘❘ ♥➦ ✼✾✾✺
✶✹ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
Quality criterion : MD












❋✐❣✉r❡ ✸✿ ▼❉ ❜♦① ♣❧♦ts ❝❛❧❝✉❧❛t❡❞ ♦♥ ❛ ✈❛❧✐❞❛t✐♦♥ s❛♠♣❧❡ ❢♦r s✐① ❞❡s✐❣♥s
Quality criterion : MD by cross−validation





















❋✐❣✉r❡ ✹✿ ▼❉ ❜♦① ♣❧♦ts ❝❛❧❝✉❧❛t❡❞ ❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ❢♦r s✐① ❞❡s✐❣♥s
t♦ r✉♥ ❛ ●✐❜❜s s❛♠♣❧❡r ♦♥ ❛ D20 ❢♦r ✶✵✵ ✵✵✵ ✐t❡r❛t✐♦♥s t❤❛♥ ❛ ●✐❜❜s s❛♠♣❧❡r ✇✐t❤ ❛ D500 ❢♦r
✷ ✵✵✵ ✐t❡r❛t✐♦♥s✳ ✳ ✳▼♦r❡♦✈❡r✱ t❤❡ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ♦❢ ❉̃❆❈ ✐♥ ❋✐❣✉r❡s ✺ ❛♥❞ ✻ ❢♦r ❜♦t❤ ❞♦♠❛✐♥s
s❤♦✇s t❤❛t t❤❡ ❞♦♠❛✐♥ ❝❤♦✐❝❡ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♣r✐♦r ❛♥❞ t❤❡ ❞❛t❛✳ ❋♦r
t❤✐s r❡❛s♦♥✱ ✇❡ ♦♥❧② r❡♣♦rt❡❞ t❤❡ ♥❡①t ❡①♣❡r✐♠❡♥ts ❢♦r t❤❡ s♠❛❧❧ ❞♦♠❛✐♥ Ω1✳
❋✐❣✉r❡ ✼ ✇❤✐❝❤ ❞✐s♣❧❛②s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❉̃❆❈ ❢♦r t❤❡ P▲❱ ❛♥❞ ❋❍❱ ♣r✐♦r ✇✐t❤ ❞✐✛❡r❡♥t
❤②♣❡r♣❛r❛♠❡t❡rs a ❛♥❞ t ✈❛❧✉❡s s❤♦✇s t❤❛t t❤♦s❡ ❤②♣❡r❛♠❡t❡rs ❛r❡ s❡♥s✐t✐✈❡ ❛♥❞ t❤❛t t♦♦ ❝♦♥✲
❝❡♥tr❛t❡❞ ♣r✐♦rs ✭r❡❧❛t❡❞ t♦ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ a ❛♥❞ t✮ ❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ❞♦✉❜t❢✉❧ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡✳
❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ P▲❱ ♣r✐♦r ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ a✱ ✇❤✐❝❤ ✇❡✐❣❤ts t❤❡ ♣r✐♦r ♠❡❛♥ µ✱ ❞♦❡s
♥♦t ♠✉❝❤ ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ ❉̃❆❈ ❛s µ ✐s ❡q✉❛❧ t♦ t❤❡ ❛❝t✉❛❧ ♠❡❛♥ m❀ ✇❤✐❧❡ ❢♦r t❤❡ ❋❍❱ ♣r✐♦r✱
❛ ❧❛r❣❡r a r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡r ❉̃❆❈ ✈❛❧✉❡ ❛s ✐♥ t❤✐s ✏❢❛✐r✑ ❝❛s❡✱ µ ❛♥❞ t❤❡ ❛❝t✉❛❧ ♠❡❛♥ m ❛r❡
❞✐✛❡r❡♥t✳
❋✐❣✉r❡s ✽ ❞✐s♣❧❛②s t❤❡ ♠❛r❣✐♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ▲❍❉✲♠❛①✐♠✉♠ ❞❡s✐❣♥ ♦❢ ✶✵✵
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✶✺
DAC within small domain




















❋✐❣✉r❡ ✺✿ ❉̃❆❈ ✐♥ s♠❛❧❧ ❞♦♠❛✐♥ ✇✐t❤ s✐① ♣r✐♦rs ❛♥❞ t❤r❡❡ ❞❡s✐❣♥s
DAC within large domain




















❋✐❣✉r❡ ✻✿ ❉̃❆❈ ✐♥ ❧❛r❣❡ ❞♦♠❛✐♥ ✇✐t❤ s✐① ♣r✐♦rs ❛♥❞ t❤r❡❡ ❞❡s✐❣♥s
♣♦✐♥ts ❛♥❞ ❋✐❣✉r❡ ✾ ✇✐t❤ ❛ ▲❍❉✲♠❛①✐♠✉♠ ❞❡s✐❣♥ ♦❢ ✷✵ ♣♦✐♥ts✳ ❚❤♦s❡ ✜❣✉r❡s ❝♦♥✜r♠ t❤❡ ❉̃❆❈
❞✐❛❣♥♦s✐s✳ ❚❤❡r❡ ❛r❡ ❣r❡❛t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♣♦st❡r✐♦rs ❞❡r✐✈❡❞ ❢r♦♠ ✧❜❛❞ ♣r✐♦rs✧ ❛♥❞ t❤❡
♦t❤❡r ♦♥❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦st❡r✐♦r ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❏❡✛r❡②s ♣r✐♦r✱ ✇❤✐❝❤ ❛r❡ q✉✐t❡ s✐♠✐❧❛r✳ ■t
✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛♥ t❤❡r❡ ✐s ♥♦ s❡♥s✐t✐✈❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♣♦st❡r✐♦rs ❞❡r✐✈❡❞
❢r♦♠ t❤❡ ✶✵✵ ♣♦✐♥ts ❛♥❞ ✷✵ ♣♦✐♥ts ❞❡s✐❣♥s ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❉̃❆❈ ❝r✐t❡r✐♦♥✳
■t s❡❡♠s t❤❛t ❉̃❆❈ ✐s ✐♥❞✐❝❛t✐♥❣ t❤❛t ❛ r❡❛s♦♥❛❜❧❡ ♣r✐♦r ❝❛♥ r❡s✐st t♦ ❛ ♣♦♦r ❞❡s✐❣♥✳ ■t ✐s
❘❘ ♥➦ ✼✾✾✺
✶✻ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
DAC with PLV prior, small domain












DAC with FHV prior, small domain












❋✐❣✉r❡ ✼✿ ❉̃❆❈ ✇✐t❤ PLV ❛♥❞ FHV ♣r✐♦rs ❢♦r t❤❡ s♠❛❧❧ ❞♦♠❛✐♥ Ω1 ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡
❤②♣❡r♣❛r❛♠❡t❡rs a ❛♥❞ t









Distribution of m1, small domain, D100
 
 







Distribution of m2, small domain, D100
 
 










Distribution of C11, small domain, D100
 
 









































❋✐❣✉r❡ ✽✿ P♦st❡r✐♦r ♦❢ θ ✇✐t❤ ❤❡❧♣ ♦❢ D100 ✐♥ s♠❛❧❧ ❞♦♠❛✐♥ Ω1
♥♦t ❛❧✇❛②s tr✉❡✳ ❋♦r ✐♥st❛♥❝❡ ❛ ♣♦♦r ❞❡s✐❣♥ ♦❢ ✶✽ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ♣♦✐♥ts ♦♥ t❤❡ ❢❛❝❡s ♦❢
❛ ❝✉❜❡ ✭❚❤r❡❡ ♣♦✐♥ts ✇❡r❡ ❣❡♥❡r❛t❡❞ ♦♥ ❡❛❝❤ ❢❛❝❡✳✮ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♠♦❞❡❧
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✶✼










Distribution of m1, small domain, D20
 
 








Distribution of m2, small domain, D20
 
 











Distribution of C11, small domain, D20
 
 










































❋✐❣✉r❡ ✾✿ P♦st❡r✐♦r ♦❢ θ ✇✐t❤ ❤❡❧♣ ♦❢ D20 ✐♥ s♠❛❧❧ ❞♦♠❛✐♥ Ω1








✇✐t❤ ak = 1✳ ❆ ●✐❜❜s s❛♠♣❧❡r ♦❢ ✽✵✵ ✵✵✵ r✉♥s ❤❛s ❜❡❡♥ r✉♥ t♦ ❡st✐♠❛t❡ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥
πJ(θ|y,HDN )✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ❧❡❢t ❣r❛♣❤ ♦❢ ❋✐❣✉r❡ ✶✵✱ ❉̃❆❈18 r❡♠❛✐♥s ♣♦s✐t✐✈❡ ❢♦r t❤❡ ❢♦✉r
♣r✐♦r ❝❤♦✐❝❡s ✐♥❞✐❝❛t✐♥❣ t❤❡ ♥❡❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❞❡s✐❣♥✳
✺ ❉✐s❝✉ss✐♦♥
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s ✇❛s ♣♦ss✐❜❧❡ ❛♥❞ ❜❡♥❡✜❝✐❛❧ t♦ s♦❧✈❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❜②
❡st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❤✐❣❤❧② ❝♦♠♣❧❡① ✉♥❝❡rt❛✐♥t② ♠♦❞❡❧s✳ ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s ✐s ♣♦ss✐❜❧❡
t❤❛♥❦s t♦ ▼❈▼❈ ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s ●✐❜❜s s❛♠♣❧✐♥❣ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧
♠♦❞❡❧ ❜② ❛ ❦r✐❣✐♥❣ ❡♠✉❧❛t♦r ✉s✐♥❣ ❛ ♠❛①✐♠✐♥ ▲❍❉✳ ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s ✐s ❜❡♥❡✜❝✐❛❧ s✐♥❝❡ ✐t ❛❧❧♦✇s
t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣r♦♣❡r❧② ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❛✈♦✐❞s ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ H✳
❖✉r ❛♥❛❧②s✐s ❤❛s s❤♦✇♥ t❤❛t ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❝♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧ ❜❡❝❛✉s❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠s
❝♦✉❧❞ ❜❡ ❤♦♣❡❞ t♦ ❜❡ r❛♣✐❞ ❡✈❡♥ ✇✐t❤ ❛ ♠❛①✐♠✐♥ ▲❍❉ ✇✐t❤ ❢❡✇ ♣♦✐♥ts ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❤✉❣❡
t✐♠❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ H✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ❝♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ t♦ tr❛♥s❧❛t❡ t❤❡ t✐♠❡
t♦ ❣❡t ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ H ❛s ❛ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ❝❤♦♦s❡
t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❡♠✉❧❛t♦r✬s ❞❡s✐❣♥✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ ♦♥❡
❘❘ ♥➦ ✼✾✾✺
✶✽ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs

























❋✐❣✉r❡ ✶✵✿ ❉̃❆❈ ❢♦r D18 ❛♥❞ D100 ✇✐t❤ t❤❡ ❙♦❜♦❧ ❢✉♥❝t✐♦♥
❝❛❧❧ t♦ H ❡q✉❛❧s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ L(N) ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠✶✳ ❚❤❡ ✐♥t❡❣❡r
L(N) ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ q✉✐t❡ ❧❛r❣❡ ❛♥❞ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r N ♦❢ ♣♦✐♥ts ♦❢ t❤❡
❞❡s✐❣♥ DN ✇❤✐❝❤ ✐s ❛s ✇❡❧❧ t❤❡ ♥✉♠❜❡r ♦❢ ✧♣♦ss✐❜❧❡✧ ❝❛❧❧s t♦ H✳ ❖✉r ❛♥❛❧②s✐s ♣r♦✈❡❞ t❤❛t ❡✈❡♥
✇❤❡♥ N ✐s s♠❛❧❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠ t♦ ❣❡t
❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡r ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐♥ ❛♥ ❛❝❝❡♣t❛❜❧❡ ❈P❯ t✐♠❡✳
❋♦r ✐♥st❛♥❝❡✱ ✇✐t❤ t❤❡ ❤②❞r❛✉❧✐❝ ♠♦❞❡❧✱ t❤❡ ❈P❯ t✐♠❡ ✭✐♥ s❡❝♦♥❞s✮ ❤❛s ❜❡❡♥ ✾✾✾ ❢♦r N = 500✱
✶✾✸✵ ❢♦r N = 100 ❛♥❞ ✶✵ ✶✵✵ ❢♦r N = 20 ♦♥ ❛ ❧❛♣t♦♣ P❈✱ ✇✐t❤ t✇♦ ■♥t❡❧ P✾✼✵✵ ❝♦r❡s ♦❢ ✷✳✽✵●❍③
■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ t❤❡r❡ ✐s t❤❡ ♥❡❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ❢♦✉r ❡rr♦r s♦✉r❝❡s ❧✐st❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳
❼ ❇② ✐ts ✈❡r② ♥❛t✉r❡✱ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✐s ❤❡❧♣❢✉❧ t♦ ❝♦♥tr♦❧ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✇❤❡♥ t❤❡
♥✉♠❜❡r n ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐s s♠❛❧❧✳
❼ ❚❤❡ ❛❧❣♦r✐t❤♠✐❝ ❡rr♦r ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ❝♦♥tr♦❧❧❡❞ ✇✐t❤ t❤❡ ❇● st❛t✐st✐❝s✳ ❚♦ ♠❛❦❡ s✉r❡
t❤❛t t❤✐s ❡rr♦r ✐s ♥♦t t♦♦ ❜✐❣✱ ✇❡ ❛❞✈♦❝❛t❡ ❛ ♠♦r❡ s❡✈❡r❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ 1.05 t❤❛♥ t❤❡
st❛♥❞❛r❞ t❤r❡s❤♦❧❞ 1.2✳
❼ ❲❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞ ❉̃❆❈ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ r❡❧❡✈❛♥t
♠❡❛s✉r❡ ♦❢ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ s❛♠♣❧❡ ❛♥❞ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✐♥
♦r❞❡r t♦ ❝♦♥tr♦❧ ❜♦t❤ t❤❡ ❡♠✉❧❛t♦r ❡rr♦r ❛♥❞ t❤❡ ♣r✐♦r ❡rr♦r✳ ■♥ ♦✉r ❝♦♥t❡①t✱ t❤✐s ❝r✐t❡r✐♦♥
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤♦✉t ♠❛❥♦r ❞✐✣❝✉❧t✐❡s✿ t❤❡ ❡♠✉❧❛t♦r ✐s ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t
❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♣r♦♣❡r ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦rs ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❖✉r ❡①♣❡r✐♠❡♥ts s❤♦✇ ❛
♣r♦♠✐s✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❝r✐t❡r✐♦♥✳ ❖❜✈✐♦✉s❧②✱ ❝♦♠♣✉t✐♥❣ ❉̃❆❈ ✐s ♥♦t ❢r❡❡ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s
t♦ r✉♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ❢♦r ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦rs✳ ❇✉t ✇❡ t❤✐♥❦ t❤❛t t❤❡
r❡s✉❧t ✐s ✇♦rt❤ t❤❡ tr♦✉❜❧❡✳ ▼♦r❡♦✈❡r✱ ❛s s♦♦♥ ❛s t❤❡ ▼❈▼❈ ✇✐t❤ ❛ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡
♣r✐♦r ❤❛s ❜❡❡♥ r✉♥✱ ❛♥② ✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ❝❛♥ ❜❡ ❛ss❡ss❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❤❡♥ ❉̃❆❈
✐s ❣r❡❛t❡r t❤❛♥ ③❡r♦✱ ✐t ❝♦✉❧❞ ❜❡ ❞✐✣❝✉❧t t♦ s❡♣❛r❛t❡ t❤❡ ❡♠✉❧❛t♦r ❛♥❞ t❤❡ ♣r✐♦r ❡rr♦rs
s✐♥❝❡ ❜♦t❤ ❡rr♦rs ❝♦✉❧❞ ❜❡ q✉✐t❡ ✐♥tr✐❝❛t❡❞✳ ▼♦r❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ♥❡❡❞❡❞ t♦ ❛ss❡ss t❤❡
r❡❧❡✈❛♥❝❡ ❛♥❞ s❡♥s✐❜✐❧✐t② ♦❢ t❤✐s ❝r✐t❡r✐♦♥✳ ❇✉t ✇❡ t❤✐♥❦ t❤❛t ✐t ✐s ❛ ♣r♦♠✐s✐♥❣ t♦♦❧ t♦
❞r✐✈❡ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✉s✐♥❣ ❛♥ ❡♠✉❧❛t♦r ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦♠♣❧❡① ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥
✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s✳
✶❘❡❝❛❧❧ t❤❛t N ✐s t❤❡ t♦t❛❧ ❛❧❧♦✇❡❞ ♥✉♠❜❡r ♦❢ ❝❛❧❧s t♦ H ❛♥❞ ✐t ✐s ❛❧s♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❡♠✉❧❛t♦r
❞❡s✐❣♥✳
■♥r✐❛
❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✶✾
❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s st✉❞② ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ t❤❡ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ♦♥
t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐s r❡❧❡✈❛♥t✱ ●✐❜❜s s❛♠♣❧✐♥❣ ♦r ♦t❤❡r ▼❈▼❈ ❛❧❣♦r✐t❤♠s ♦♥ ❛♥ ❛♣♣r♦♣r✐✲
❛t❡ ❡♠✉❧❛t♦r ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ t♦ ❧❡❛❞ t♦ ❛ s❡♥s✐❜❧❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ✇❡❧❧
❝❛❧✐❜r❛t❡❞ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ✇❤✐❧❡ ❞r❛♠❛t✐❝❛❧❧② s❛✈✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛❧❧s t♦ t❤❡ ❡①♣❡♥s✐✈❡
❢✉♥❝t✐♦♥ H✳ ❆♥❞✱ t❤❡ ❝r✐t❡r✐♦♥ ❉̃❆❈ ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ❤❡❧♣❢✉❧ t♦ ❤♦♥❡st❧② ❝❛❧✐❜r❛t❡ t❤❡
♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❝❤♦♦s❡ ❛ ❣♦♦❞ ❞❡s✐❣♥ ❢♦r t❤❡ ❡♠✉❧❛t♦r✳
❘❘ ♥➦ ✼✾✾✺
✷✵ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
❆ t❤❡ ●✐❜❜s s❛♠♣❧✐♥❣ ✇✐t❤ ❛ ❏❡✛r❡②s ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r
●✐✈❡♥ (m[r], C [r],X[r]) ❢♦r r = 0, 1, 2, . . . ✱ ❣❡♥❡r❛t❡
✶✳ C [r+1] |m[r],X[r],Y , ρ,HDN ∼ IW
(∑n
i=1(m


















✸✳ X[r+1] |m[r+1], C [r+1],Y , ρ,HDN ⇒ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❛❧❣♦r✐t❤♠
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤✐s ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ♣r♦♣♦t✐♦♥❛❧
t♦


















Y1 − Ĥ [r+1]N,1
)′
, . . . ,
(






Y1 − Ĥ [r+1]N,1
✳✳✳







N,i = ĤN (X
[r+1]
i , d) ❛♥❞ ▼❙❊
[r+1] = ▼❙❊(X[r+1], d)✳
❚❤❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s st❡♣ ✐♥s✐❞❡ t❤❡ ●✐❜❜s s❛♠♣❧❡r ❆t st❡♣ r+1 ♦❢ ●✐❜❜s s❛♠♣❧✐♥❣✱
❛❢t❡r s✐♠✉❧❛t✐♥❣ m[r+1]✱C [r+1]✱ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ X[r+1] ❤❛✈❡ t♦ ❜❡ ✉♣❞❛t❡❞ ✇✐t❤ ❛ ▼❡tr♦♣♦❧✐s✲
❍❛st✐♥❣ ✭▼❍✮ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ▼❍ st❡♣ ✐s ✉♣❞❛t✐♥❣ X[r] = (X1, . . . , Xn)′ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
❼ ❋♦r i = 1, . . . , n
✶✳ ●❡♥❡r❛t❡ X̃i ∼ J(· | Xri ) ✇❤❡r❡ J ✐s t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥✳
✷✳ ▲❡t
α(Xri , X̃i) = min
( πĤ(X̃ | Y , θ[r+1], ρ,d, HD) J(Xri |X̃i)
πĤ(X







Xr+11 , . . . , X
r+1
i−1 , X̃i, X
r
























❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✷✶
❘❡♠❛r❦s✿
❼ ▼❛♥② ❝❤♦✐❝❡s ❛r❡ ♣♦ss✐❜❧❡ ❢♦r t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ J ✳ ■t ❛♣♣❡❛rs t❤❛t ❝❤♦♦s✐♥❣ ❛♥




❣✐✈❡ s❛t✐s❢②✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ♠♦❞❡❧ ✭✶✮✳
❼ ■♥ ♣r❛❝t✐❝❡✱ ✐t ❝❛♥ ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ ❝❤♦♦s❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ ✉♣❞❛t❡s ❜② ❛ r❛♥❞♦♠ ♣❡r♠✉t❛t✐♦♥
♦❢ {1, . . . , n} t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ t♦ ✐ts ❧✐♠✐t ❞✐str✐❜✉t✐♦♥✳
❇ ❇r♦♦❦s✲●❡❧♠❛♥ ❙t❛t✐st✐❝s
■♥ ✶✾✾✽✱ ❇r♦♦❦s ❛♥❞ ●❡❧♠❛♥ ♣r♦♣♦s❡❞ ❛ ♠❡t❤♦❞ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ●❡❧♠❛♥
❛♥❞ ❘✉❜✐♥ ✭✶✾✾✷❛✮✱ ❢♦r ♠♦♥✐t♦r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐t❡r❛t✐✈❡ s✐♠✉❧❛t✐♦♥s ✭❬✶❪✮✳ ❙✉♣♣♦s✐♥❣ m
♣❛r❛❧❧❡❧ ❝❤❛✐♥s ❤❛✈❡ ❜❡❡♥ s✐♠✉❧❛t❡❞✱ t❤❡ st❛t✐st✐❝ R̂BG ✐s ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜♥❛❧ M ✐t❡r❛t✐♦♥s
❛❢t❡r t❤❡ ✏❜✉r♥✲✐♥✑ ♣❡r✐♦❞✱ ❛s ❢♦❧❧♦✇s✿
✶✳ ❋♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝❤❛✐♥ j✱ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ 100(1 − α)% ✐♥t❡r✈❛❧ δj ✱ ✇❤✐❝❤ ✐s t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ 100(1− α2 )% ❛♥❞ 100α2% ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡M s✐♠✉❧❛t❡❞ ♣♦✐♥ts✳ ❚❤✉s✱
❢♦r♠ t❤❡ m ✇✐t❤✐♥✲s❡q✉❡♥❝❡ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❡st✐♠❛t❡s✳
✷✳ ❋♦r t❤❡ ❡♥t✐r❡ s❡t ♦❢ mM s✐♠✉❧❛t❡❞ ❞r❛✇s ❢r♦♠ ❛❧❧ ❝❤❛✐♥s✱ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ 100(1−
α)% ✐♥t❡r✈❛❧ t♦ ❝♦♥str✉❝t ❛ t♦t❛❧✲s❡q✉❡♥❝❡ ✐♥t❡r✈❛❧ ❧❡♥❣t❤ ❡st✐♠❛t❡✳




❼ ∆ t❤❡ t♦t❛❧✲s❡q✉❡♥❝❡ ✐♥t❡r✈❛❧ ❧❡♥❣t❤❀
❼ δ̄ = 1m
∑m
j=1 θj ✱ ✇✐t❤ θj t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇✐t❤✐♥✲s❡q✉❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡ j✲t❤ ❝❤❛✐♥✳
❚❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ 1.2 ✐s ❛❞✈♦❝❛t❡❞ ❜② t❤❡ ❛✉t❤♦rs ✭R̂BG < 1.2✮ t♦ ❞❡❝❧❛r❡ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥
♣r♦❝❡❞✉r❡ ❤❛s ❝♦♥✈❡r❣❡❞✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ ♠♦r❡ ❝♦♥s❡r✈❛t✐✈❡ t❤r❡s❤♦❧❞ ❛♥❞
♣r♦❝❡❞✉r❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ▼❈▼❈ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❝♦♥✈❡r❣❡❞ t♦ t❤❡✐r st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
❆ ▼❈▼❈ ❝❤❛✐♥ ❤❛s ❜❡❡♥ ❞❡❝❧❛r❡❞ t♦ ❤❛✈❡ ❝♦♥✈❡r❣❡❞ ✐❢ t❤❡ R̂BG st❛t✐st✐❝s ✐s s♠❛❧❧❡r t❤❛♥ ✶✳✵✺
❢♦r ✸✱✵✵✵ ✐t❡r❛t✐♦♥s✳
❈ ❈♦♠♣✉t✐♥❣ ❉❆❈ ❢♦r t❤❡ ❦r✐❣✐♥❣ ❡♠✉❧❛t♦r
❚❤❡ ❝♦♠♣❛❝t s❡t Ωm = Ω = Ω1 × . . .× Ωq ✇❤❡r❡ Ωi ❞❡♥♦t❡s t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡ ✐✲t❤ ❝♦♦r❞✐♥❛t❡
♦❢ X✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♣❛❝t s❡t ΩC r❡❧❛t❡❞ t♦ t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① C✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦
❝♦♥s✐❞❡r ✐ts ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ C = V DV T ✇❤❡r❡ D ✐s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ ❡✐❣❡♥✈❛❧✉❡s
♦❢ C ✇✐t❤ |C| = |D| ❛♥❞ V t❤❡ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① ♦❢ ❡✐❣❡♥✈❡❝t♦rs ♦❢ C✳ ❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥






✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡❝❛❧❧✐♥❣ t❤❛t R ✐s
t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ✐♥ ♠♦❞❡❧ ✭✶✮✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t t❤❡
♠❡❛s✉r❡♠❡♥t ❡rr♦r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✈❛r✐❛♥❝❡ ❛♥❞ t❤✉s |R|1/p ≤ |C|1/q = |D|1/q✳ ❋✐♥❛❧❧②✱ t❤❡




C = V DV









✷✷ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs
✇❤❡r❡ S+q ✐s t❤❡ s❡t ♦❢ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ♦❢ r❛♥❦ q✳
❚❤❡ ❜❡♥❝❤♠❛r❦ ♣r✐♦r πJ(θ) ✐s ❝❤♦s❡♥ ❤❡r❡ ❛s t❤❡ ❏❡✛r❡②s ♣r✐♦r ❢♦r ❛ ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥





















































◆♦✇✱ ❛♥② ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① V ♦❢ ❞✐♠❡♥s✐♦♥ q ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ q(q−1)/2




























dD✳ ❉❡♥♦t✐♥❣ ✐t I(q, a, β1, . . . , βq)✱ ✇✐t❤
a = |R|q/p ✐t ✐s ❞❡r✐✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ q ✭t❤❡ ❞❡t❛✐❧❡❞ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❉✮✳




































❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ✉♥❝❡rt❛✐♥t② ❛♥❛❧②s✐s ✷✸
❉ ❈♦♠♣✉t✐♥❣ t❤❡ ♥♦r♠❛❧✐s✐♥❣ ❝♦♥st❛♥t ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ✈❛r✐✲
❛♥❝❡ ♠❛tr✐① ❞♦♠❛✐♥







✇❤❡♥ t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① C ✐s ❞✐❛❣♦♥❛❧ ❛♥❞ t❤❡ ❞♦♠❛✐♥ ΩC ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
ΩC =
{
C ∈ S+q st. |C| ≥ |R|q/p, |Cij | ≤
√
βiβj , i, j = 1 . . . , q
}
. ✭✷✵✮
❙✐♥❝❡ C ✐s ❞✐❛❣♦♥❛❧✱ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦
{
0 ≤ Ci ≤ βi∏q
i=1 Ci ≥ a,
✭✷✶✮






≤ C1 ≤ β1
a
C1β3···βq




≤ Cq ≤ βq
✭✷✷✮
❈♦♥s✐❞❡r✐♥❣ I ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (q, a, β1, . . . , βq)✱ t❤❡ ✐♥t❡❣r❛❧ ✭✶✾✮ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛s ❢♦❧❧♦✇s




































































































































































































✷✹ ❋✉ ✫ ❈❡❧❡✉① ✫ ♦t❤❡rs





❚❤✉s st❡♣ ❜② st❡♣ t❤❛♥❦s t♦ ❡q✉❛t✐♦♥ ✭✷✸✮✱ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇❤❡♥ C ✐s ❞✐❛❣♦♥❛❧✳
❋♦r ✐♥st❛♥❝❡ ❢♦r q = 2, 3, 4 ✇❡ ❣❡t
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